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Phase contrast imaging measurements of reversed shear Alfvén
eigenmodes during sawteeth in Alcator C-Moda…
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Reversed shear Alfvén eigenmodes �RSAEs� have been observed with the phase contrast imaging
diagnostic and Mirnov coils during the sawtooth cycle in Alcator C-mod �M. Greenwald et al., Nucl.
Fusion 45, S109 �2005�� plasmas with minority ion-cyclotron resonance heating. Both
down-chirping RSAEs and up-chirping RSAEs have been observed during the sawtooth cycle.
Experimental measurements of the spatial structure of the RSAEs are compared to theoretical
models based on the code NOVA �C. Z. Cheng and M. S. Chance, J. Comput. Phys. 71, 124 �1987��
and used to derive constraints on the q profile. It is shown that the observed RSAEs can be
understood by assuming a reversed shear q profile �up chirping� or a q profile with a local maximum
�down chirping� with q�1. © 2009 American Institute of Physics. �DOI: 10.1063/1.3086869�

I. INTRODUCTION

The sawtooth crash in a tokamak plasma is a process
whereby magnetic reconnection modifies the topology of the
flux surfaces near the plasma core, inducing rapid energy and
particle transport as well as causing redistribution of the cur-
rent parallel to the magnetic field.1–3 The sawtooth cycle is
characterized by the abrupt crash in the central temperature,
caused by the magnetic reconnection, followed by a relax-
ation and reheat phase during which the temperature in-
creases nearly linearly in time and the parallel current den-
sity diffuses toward the core until an instability threshold is
reached and another reconnection event occurs. After years
of study there remain many questions as to the nature of both
the physics of the magnetic reconnection and diffusion dur-
ing the sawtooth cycle. In particular, there has been much
debate over the evolution of the q profile �where
q�rB� /R0B� is the magnetic safety factor, r is the minor
radial coordinate, B� is the toroidal magnetic field, R0 is the
tokamak major radius, and B� is the poloidal magnetic field�,
an important quantity in the stability of kink and interchange
modes which may be responsible for initiating the reconnec-
tion process. While some studies have found that q0, that is,
q at the magnetic axis, remains well below unity throughout
the sawtooth cycle,3–5 others concluded that q0 was close to
or larger than unity following the crash, implying a complete
reconnection process.6–10 While the central temperature can
increase by a factor of 2 or more during the relaxation pro-
cess and can be readily measured by electron-cyclotron emis-
sion �ECE� diagnostics or Thomson scattering, the current
density profile may change by only a few percent and is
considerably more difficult to measure precisely. However, it
is important for understanding the physics of the relaxation
and reconnection processes that the evolution of the q profile
be measured throughout the sawtooth cycle.

A particular class of Alfvénic instability, the reversed

shear Alfvén eigenmode �RSAE, also Alfvén cascade� has
proven very useful as a method of “magnetohydrodynamic
�MHD� spectroscopy” for inferring the evolution of q in re-
versed shear equilibria �i.e., negative magnetic shear for
some portion of the q profile near the plasma core�, where
the magnetic shear is defined as s= �r /q��dq /dr�. The RSAE
frequency is a strong function of the minimum value of q
�qmin� in equilibria with reversed shear.11–13 Reversed shear q
profiles are known to be present during the current ramp
phase as the Ohmic current diffuses toward the core and is
transiently peaked off axis, a fact confirmed by the observa-
tion of RSAEs in the presence of energetic ions,13,14 mo-
tional Stark effect �MSE� measurements,15,16 and numerical
modeling.17 When qmin is near an integer value the RSAEs
appear in a characteristic “grand cascade” pattern whereby
multiple modes chirp in frequency at rates proportional to
their individual toroidal mode number. Comparison of the
grand cascade pattern to the dispersion relationship provides
a method by which the toroidal mode numbers can be iden-
tified and the value of qmin determined unambiguously.

Recent observations of RSAEs during the sawtooth
cycle in Alcator C-Mod,18 and also in the Joint European
Torus �JET�,19,20 offer a method by which the evolution of
the q profile during the sawtooth cycle can be studied to high
precision. While Ref. 20 concluded that the up-chirping
modes resembling RSAEs were incompatible with a reversed
shear q profile based on analysis of the so-called tornado
modes, it did not consider the possibility that a reversed
shear q profile may exist transiently following the sawtooth
crash in the giant sawteeth that were studied. In Alcator
C-Mod the q=1 RSAEs are seen in plasmas at International
Thermonuclear Experimental Reactor �ITER� relevant densi-
ties of ne0�1.5�1020 m−3 with ion-cyclotron resonance
heating �ICRH� utilizing the on-axis fundamental hydrogen
minority heating scheme at 80 MHz and 5.4 T in deuterium
majority plasmas �nH /nD�0.05�. Importantly, the ICRH
generates an energetic proton component with energies of
approximately 100 keV or more, which provides the drive

a�
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for the Alfvén eigenmodes.21 We find that the existence of
the q=1 RSAEs requires a hollow current density profile
interior to the sawtooth mixing radius. In this paper we
present observations of q=1 RSAEs which indicate that dur-
ing the relaxation process the q profile evolves from a state
with a local maximum in q to a state with reversed shear,
both of which are equivalent to a hollow current density
profile. Models of the reconnection and reconnection pro-
cesses are discussed in light of these observations.

The remainder of the paper is organized in three sec-
tions. Section II covers a brief discussion of the diagnostics
followed by a presentation of representative observations of
RSAEs during the sawtooth cycle. A commentary on the ap-
plication of the RSAEs to models of the current relaxation
is presented in Sec. III. Concluding remarks are given in
Sec. IV.

II. OBSERVATIONS OF RSAES DURING
THE SAWTOOTH CYCLE

Alcator C-mod is a compact, diverted tokamak operated
at MIT with ITER relevant plasma parameters, such as den-
sity, magnetic field, safety factor, and shaping, and has a first
wall covered with molybdenum tiles.22 Representative
plasma traces for experiments with RSAEs during sawteeth
are shown in Fig. 1. The two primary diagnostics used in the
Alcator C-Mod experiments for the study of the RSAEs are
the phase contrast imaging �PCI� diagnostic14 and the
Mirnov coils. While the PCI diagnostic has proven to be very
powerful due to its ability to detect perturbations from all
flux surfaces it cannot provide a direct measure of the toroi-
dal or poloidal mode numbers. When multiple RSAEs are
present, as is the case where qmin is near an integer value, a
set of mode numbers may be inferred by fitting the frequency
spectra to the RSAE dispersion relationship. This method of
indirect identification of the mode numbers is substantiated
by direct measurement of the toroidal phase in cases where
the RSAE amplitude was large enough to be detected by the
Mirnov coils. The spatial information provided by the PCI
diagnostic is used to extract additional constraints on the q
profile through a synthetic diagnostic analysis. These meth-
ods and our main observations are described in the follow-
ing.

A. Diagnostics

The PCI diagnostic is an internal reference beam inter-
ferometer using a 10.6 �m CO2 laser beam expanded to a
full width at half maximum power profile of approximately
14 cm. The detector is a 32 channel HgCdTe photoconduc-
tive array with a 3 dB point of approximately 10 MHz.23

Signals for these experiments were digitized at 10 MHz. The
output signal of the PCI system has an intensity proportional
to the line integral of the electron density fluctuations along
the beam path, that is, IPCI��ñedl. The PCI system is cali-
brated through the detection of pressure perturbations in air
in the range of 15–125 kHz. In the experiments presented
here the system was optimized for large spatial coverage
with each of the 32 channels corresponding to a radial extent
of about 4.5 mm at the plasma midplane. Together, the 32

channel system provides measurements of the line-integrated
spatial structure of the RSAEs. Interpretation of the signal is
aided by comparison to a “synthetic diagnostic” which simu-
lates the PCI system signals by numerically integrating den-
sity fluctuations and convolving with the system response
function. This technique is described in Sec. II B.

When the Doppler shift from toroidal rotation and the
energetic particle � are negligible compared to the RSAE
frequency and plasma �, an approximate dispersion relation-
ship for the RSAEs �Ref. 12� can be put in the form

fRSAE
2 = f0

2 + fA
2� m

qmin�t�
− n�2

+ ��f�2, �1�

where the first term �f0� on the right hand side represents the
effect of the geodesic-acoustic deformation of the Alfvén
continuum, the second term �fA� is the Alfvénic component,
and the third term ��f� represents small contributions to the
frequency arising from the energetic ions and finite pressure
gradients and is ignored in this analysis. In Eq. �1�, qmin is
the minimum value of q, and m and n are the poloidal and
toroidal mode numbers, respectively. The acoustic compo-
nent, arising from finite pressure, is to first order represented
by the quantity
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FIG. 1. �Color online� Experimental traces showing �a� total plasma current,
�b� line-averaged electron density, �c� central electron temperature from the
ECE diagnostic, �d� central deuterium ion temperature derived from the
neutron flux, and �e� the injected ICRH power. The breaks in slope of the
density trace, starting around 0.25 s, indicate transitions between L mode
and ELM-free H mode. Ion temperature data are not available before 0.15 s
and is represented as 0.8 times Te0 for this time range �dashed trace�.
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f0
2 =

1

�2	�2

2Te

MiR0
2�1 +

7

4

Ti

Te
� , �2�

where Te is the electron temperature, Mi is the ion mass, and
R0 is the tokamak major radius.12 The Alfvénic frequency is
given by the expression

fA
2 =

1

�2	�2

B2

R0
2�0


, �3�

where B is the modulus of the magnetic field and 
 is the
mass density. While the temperature and density profiles are
in general evolving in parallel with qmin, in practice the time
dependence is dominated by qmin�t� in the Alfvénic term. The
temperature enters the dispersion relationship only through
the f0

2 term, which is dominant only when k	 �0 due to the
relative magnitude of fA

2 compared to f0
2. The density enters

the dispersion relation through fA
2 , but as shown in Ref. 3, the

fractional change in density may be considerably smaller
than the fractional change in q during the sawtooth cycle,
and as the relevant quantity in the dispersion relationship is
�q
m /n−qmin, we find that changes in q on the order of
10−3 can be equivalent to the effect from the change in den-
sity. Though this dispersion relationship was derived in the
limit of large n and q�1, it has been checked against nu-
merical results from the ideal MHD code NOVA �Ref. 24� and
found to be in agreement within about 5% for cases where
qmin�1 and mode numbers of n=2,3 ,4 ,5. Equation �1� is
valid when qmin is well away from the toroidicity-induced
Alfvén eigenmode �TAE� value given by qTAE

= �m1 /2� /n. For reference, qTAE for an n=3, m=3 mode is
0.83 which is significantly less than qmin inferred from the
RSAEs, in the range of 0.92–0.97, depending on the condi-
tions. The radial displacement eigenfunction of a RSAE is
composed of a single dominant poloidal harmonic with weak
sidebands of m1. The RSAEs exist near a maximum in the
Alfvén continuum described by �A=k	VA, which is com-
monly associated with a minimum in the q profile which,
when qmin decreases, produces the well known up-chirping
RSAEs. During the sawtoothing phase it is expected that
q�1 in the plasma core which implies that m=n for the
dominant poloidal mode of the RSAE. Given this relation
between m and n it is apparent from Eq. �1� that the rate at
which the RSAE frequency increases due to a change in qmin

is proportional to n, i.e., higher n RSAEs change frequency
more quickly. This is the basis for the identification of the
mode numbers from the frequency spectra measured by PCI
and is illustrated in Fig. 2.

The Mirnov coils used in these experiments are posi-
tioned 10 cm below the geometric midplane at five toroidal
locations. The large angle separation between coils allows
for the identification of low n numbers with good accuracy.
Frequency spectra from the PCI diagnostic and a Mirnov coil
are presented in Fig. 2. The overlaid traces in the PCI spec-
trogram are a fit of the dispersion relationship �Eq. �1�� to the
RSAE traces where the n numbers have been identified by
the method outlined previously. The toroidal phase measure-
ments for the observed modes have identified modes of
n=2–5. This analysis is presented in Fig. 2�c� and confirms

the identification of the mode numbers by comparison of the
PCI data to the dispersion relation �Eq. �1��, which will be
used in the remainder of the paper for the cases where
Mirnov data were not available.

B. Synthetic PCI analysis

A recent example of application of a synthetic PCI
analysis for the study of short-wavelength electrostatic tur-
bulence is reported in Ref. 25, and a similar procedure is
followed here for analysis of Alfvén waves. The additional
information supplied by the radial array of the 32-element
PCI detector can be used to provide an additional constraint
on the q profile. Given that the image of the perturbations
created by PCI is a one-dimensional representation of an
inherently two-dimensional structure, use of a synthetic di-
agnostic analysis is a necessity for interpreting the spatial
information correctly. The measured signals suggest that the
RSAE density perturbations are in general asymmetric about
the magnetic axis and therefore an inversion of the PCI data
is not possible without additional information. Rather, the
RSAE density perturbation calculated by the ideal MHD
code NOVA �Ref. 24� is used to construct a synthetic PCI
diagnostic signal. In what follows, the q profiles used in the
numerical analysis are constrained near the plasma edge
�r /a�0.8� by EFIT �Ref. 26� �which is based on edge mag-
netic measurements� and are determined in the core through
profile scans with NOVA. In particular, comparing the mea-
sured frequency spectra of the RSAEs to Eq. �1� once the n
numbers have been established allows for qmin�t� to be deter-
mined. The remainder of this paper will focus on the spatial
structures of the RSAEs measured by PCI and the constraints
on the q profile implied by these measurements.

The ideal MHD code NOVA solves for Alfvén eigen-
modes in toroidal equilibrium using a nonvariational analy-
sis. A standard output of NOVA is the two-dimensional fluid
density perturbation in the poloidal plane. Taking ne�
,
where 
 is the fluid density, the fluid perturbation can be
converted into an electron density perturbation which is then
integrated along a viewing chord to produce a synthetic PCI
signal. Numerical investigations of NOVA solutions for differ-
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FIG. 2. �Color online� �a� Spectrogram of RSAEs excited during a sawtooth
cycle as measured by PCI, with mode numbers inferred from the best fit to
Eq. �1� overlaid in dashed line. �b� Spectrogram for the same time period
measured by a Mirnov coil. �c� Measured phases of the modes detected by
the Mirnov coils as a function of toroidal angle, confirming the inference
from the PCI analysis.
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ent equilibria have shown that variation of the radial position
of qmin, defined here as rmin, results in the strongest signature
in the synthetic diagnostic analysis. Specifically, an increase
in rmin translates to an increase in the peak spacing and peak
width in the synthetic diagnostic signal. The q profiles of two
equilibria are shown in Fig. 3, with the corresponding poloi-
dal density perturbations and synthetic diagnostic compari-
son for an n=4 RSAE. The nodes in the line-integrated PCI
signal structure arise from cancellation of positive and nega-
tive density perturbations along the beam path. Comparison
of two synthetic diagnostic signals shows that the case with
rmin /a=0.15 is in better agreement with the experimental
PCI data than the case with rmin /a=0.25, though some dis-
crepancy remains, particularly in the leftmost peak. The
comparison between the experimental PCI data and synthetic
PCI signal from the NOVA solutions can be quantified
through the parameter �2=�i=1

32 �Fi
PCI−Fi

syn�2, where Fi
PCI are

the experimental PCI amplitudes, Fi
syn are the synthetic diag-

nostic amplitudes, and the sum is over the 32 radial positions
of the PCI system. The best fit synthetic diagnostic solution
is that which minimizes �2. There are two free parameters
which can be varied to minimize the value of �2 for each
synthetic diagnostic result. The first free parameter is the
scaling of the synthetic diagnostic amplitude which is repre-
sentative of the fact that NOVA calculates only relative den-
sity fluctuations. The second free parameter is the major ra-
dius of the reference position of the PCI array. At the time of
these experiments the PCI system was only calibrated for
channel spacing and not absolute position. To account for
this uncertainty the experimental PCI data are collectively
scanned in the major radius a few centimeters to minimize
the value of �2.

C. RSAE constraints on the q profile

Two classes of RSAEs are observed during sawteeth.
Most frequently, groups of up-chirping �increasing� fre-
quency RSAEs are observed prior to the sawtooth crash. This
class of RSAEs can be associated with a q profile with a
minimum value less than unity. The second class of RSAEs
is the down-chirping �decreasing� frequency branch. Interest-
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FIG. 4. �Color online� �a� Alfvén continuum plot from NOVA for an n=4
up-chirping RSAE. �b� The radial displacement eigenmode associated with
the q profile shown in �c�. Plots �d�–�f� pertain to a down-chirping RSAE for
a q profile with a local maximum at r /a=0.25.
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FIG. 3. �Color online� The synthetic PCI analysis shows the greatest sensi-
tivity to rmin, which manifests as the peak spacing and width in the synthetic
signal. �a� The input q profile with qmin=0.95, q0=0.98, and rmin /a=0.15.
�b� The two-dimensional density perturbation calculated by NOVA for an
n=4 RSAE using the above q profile and �c� the resulting comparison be-
tween the experimental and synthetic PCI signals. Panels �d�–�f� use an
unoptimized value of rmin /a=0.25 to illustrate the differences in synthetic
diagnostic signal.
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ingly this branch can be associated with a q profile with a
local maximum above unity. Though often excited only
weakly, sometimes such that the individual branches are
hardly identifiable, their fairly regular presence suggests that
q profiles with a local maximum may be a standard feature of
the postcrash equilibrium. NOVA-K calculates both the down-
chirping and up-chirping modes to be unstable in the pres-
ence of a energetic ion distribution based on experimental
studies with the neutral particle analyzer in Alcator C-Mod.27

It should be reiterated that the q=1 RSAEs observed during
sawteeth are only observed in the low-density operating re-
gime for Alcator C-Mod, and that we are unable to determine
at this time if the RSAEs are absent in higher density plas-
mas because of the absence of reversed shear or because the
energetic ion population is diminished in these conditions.
Representative NOVA solutions of both classes of RSAEs are
presented in Fig. 4. The up-chirping and down-chirping
RSAEs will be examined separately in the following.

The up-chirping RSAEs are observed frequently in
L-mode plasmas with 2–5 MW of ICRH and central electron
densities in the range �1.0–1.5��1020 m−3. They have also
been observed in edge localized mode free �ELM-free�
H-mode plasmas at comparable densities, though with lower
amplitudes than in the L mode. A summary of the �2 values
for the modes 3–6 shown from Fig. 2 as rmin is varied in the
synthetic diagnostic analysis is shown in Fig. 5. The rela-
tively flat distribution of points in the n=3 case is likely due
a combination of comparatively lower signal to noise ratio in
the experimental data and the tendency of the lower n NOVA

solutions to have stronger distortion in the synthetic diagnos-
tic analysis arising from interaction with the Alfvén con-
tinuum. This last effect arises because the width of the eigen-
mode scales inversely to m, the poloidal mode number. Thus,
it is expected that the n=3, m=3 mode should be broader
than the higher n modes, and consequently have a stronger
interaction with the Alfvén continuum. That the synthetic
diagnostic signal should be distorted by this effect is a con-

sequence of ñe�� ·��, which becomes large at the point of

interaction with the continuum due to the tendency of the
eigenmode to be strongly peaked there. This may also ex-
plain the absence of the n=1 RSAE in all observations. Ad-
ditionally, it should be noted that we have been unable to find
NOVA solutions for the n=5 and n=6 cases for rmin /a
�0.15 and cannot definitively exclude the possibility of a
best fit for these modes at lower values of rmin /a. Taken
together, this analysis suggests that rmin is near r /a=0.15.
The dependence on the parameter q0 is much weaker and we
are exploring more carefully its influence on the synthetic
PCI signals.

Though observed less frequently and generally with
lower amplitudes, the down-chirping RSAEs are indicative
of an equilibrium with q�1 in the core. Following the saw-
tooth crash, the influence of the finite plasma resistivity will
cause current to diffuse toward the axis and a state in ap-
proximate conformity with a Te

3/2 profile. Thus, down-
chirping RSAEs observed after the crash must be associated
with a q profile that is decreasing, requiring q�1. Our stud-
ies with NOVA indicate that these down-chirping RSAEs are
likely associated with a q profile with a local maximum near
the core �illustrated in Figs. 4�d�–4�f�� rather than a more
typical reversed shear profile. This is a result of the fact that
a reversed shear q profile with q�1 produces an Alfvén
continuum with a local minimum rather than a local maxi-
mum which assists RSAE formation. Figure 6 presents a
case where the down-chirping RSAEs can be clearly identi-
fied as separate branches. In this case mode numbers of 3–7
are inferred from comparison with the dispersion relationship
�Eq. �1��. The results of the �2 calculations for the synthetic
diagnostic analysis of these modes suggest that the local
maximum is located in the region 0.25�r /a�0.30.

Recent theoretical studies have shown that down-
chirping RSAEs can also arise from kinetic effects28 or from
sufficiently large pressure gradients.29

NOVA also contains
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FIG. 5. �Color online� Plots of �2 as a function of rmin /a for the
n=3,4 ,5 ,6 modes identified in Fig. 2 show a best fit solution near
rmin /a=0.15. No solutions at rmin /a=0.10 were found for the n=5 and
6 cases.
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FIG. 6. �Color online� PCI spectrogram of down-chirping RSAEs immedi-
ately following a sawtooth crash. Toroidal mode numbers of n=3–7 are
identified by comparison with Eq. �1� which implies that qmax�1.03 follow-
ing the crash.
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RSAE solutions for reversed shear q profiles with q�1;
however, their significant interaction with the Alfvén con-
tinuum suggests that they should be strongly damped. Analy-
sis of the kinetic effects from Ref. 28 is needed to test
whether these solutions can in fact be unstable. Given that a
q profile with a local maximum near the core and q�1
yields unstable and relatively undamped RSAE solutions
with the experimental profiles and is consistent with the PCI
observations, we conclude that such a q profile may be
present following the sawtooth crash. Furthermore, we will
show that this type of q profile is consistent with modeling of
the reconnection and relaxation phases of the sawtooth cycle
discussed in the next section.

III. CONSTRAINED MODEL OF THE SAWTOOTH
CYCLE

The presence of q=1 RSAEs offers the ability to con-
strain models of the current profile evolution during the saw-
tooth cycle. The following analysis illustrates how the RSAE
constraints may be taken as a test of various models or used
as a substitute for a free parameter, such as the Zeff profile, in
cases where it is not otherwise measured. The constraints
provided by the observation of the RSAEs during the saw-
tooth cycle can be used for the purposes of constraining the
reconnection process by requiring �1� that a q profile with a
local maximum be produced from a state with a reversed
shear and �2� that the relaxation process governing the diffu-
sion of currents and electric fields reproduces the evolution
from the state with the local maximum in q to a reversed
shear q profile. Motivated by the conclusion that following
the sawtooth crash q�1 �from the observation of the down-
chirping RSAEs�, it seems likely that a complete reconnec-
tion process occurs in these experiments and hence the re-
connection may be well described by the Kadomtsev
model,30 though the absence of a direct measurement of
q0 prevents us from stating this with certainty. Numerical
studies of the sawtooth cycle by Denton et al.31 and Parail
and Pereverzev32 suggested that reversed shear q profiles can
be generated during the sawtooth cycle and was used to ex-
plain the phenomenon of compound sawteeth, though their
models used classical �Spitzer� resistivity which does not
account for magnetically trapped particles which can signifi-
cantly modify the plasma resistivity and consequent current
diffusion. In the following we investigate the application of
the Kadomtsev model to these cases and the relaxation pro-
cess under classical and neoclassical resistivity models.

A. Implications of the Kadomtsev model

The Kadomtsev model describes two essentially separate
features of the sawtooth crash: the constraints by which the
topology is modified due to the reconnection event and the
time scales under which the reconnection occurs. While the
Kadomtsev model has been widely criticized for its inability
to accurately predict the time scales for a range of machines
and conditions, these criticisms do not necessarily invalidate
the model of the topology modification. Within the Kadomt-
sev model the topology evolution during the reconnection is
governed by the constraints �1� that the toroidal magnetic

flux of the two reconnecting surfaces is conserved and �2�
that surfaces of equal helical magnetic flux reconnect. The
helical magnetic flux ���� is the magnetic flux threading the
surface defined by an m=1, n=1 instability which is as-
sumed to be the driving force for the reconnection process.
The functions �� and q are related by the equation

���r� = �
0

r � 1

q�r��
− 1�2	r�dr�, �4�

where � is a normalization constant. Note that Eq. �4� can be
inverted to find q=q����. Following application of the re-
connection model from the formerly described constraints,
the postcrash helical flux function can be found and inverted
to solve for the postcrash q profile. The reconnection process
is illustrated by the arrows in the figure, showing the move-
ment of a few representative surfaces from the initial �pre-
crash� state to the final �postcrash� state. The Kadomtsev
model can produce a local maximum in q, interestingly, only
when the reconnection starts from a precrash state with re-
versed shear. In general, the magnitude of the peak in the
postcrash q profile, that is, the value of qmax−q0, generated
by this process increases with the value of q0−qmin in the
precrash state. In the model results shown in Fig. 7 the pre-
crash qmin surface is at r /a=0.25, which gives rise to a post-
crash local maximum at r /a=0.35. A postcrash state with
qmax of about 1.03 is consistent with the down-chirping
RSAE, and also in agreement with a precrash qmin of about
0.95 inferred from the up-chirping RSAEs. These results
suggest that the postcrash q profiles generated by the Ka-
domtsev model may capture the gross features of the equi-
librium inferred through observation of the RSAEs. These
results are used as initial conditions in the modeling of the
resistive relaxation process described in the next section.

B. Modeling the current density
profile evolution

We now present a brief discussion of our attempts to
model the relaxation process. The magnetic diffusion equa-
tion is derived from Maxwell’s equations, ignoring the effect

q
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FIG. 7. �Color online� An example of the application of the Kadomtsev
model. �a� The precrash q profile �blue dashed� with qmin=0.96, q0=0.98,
and rmin /a=0.25, and the postcrash q profile �orange solid� with a local
maximum of qmax=1.03 at rmax /a=0.35. �b� The helical flux function before
�blue dashed� and after �orange solid� the reconnection. The vertical dotted
line indicates the precrash q=1 surface and the arrows indicate how the
reconnection transforms the precrash state into the postcrash state.
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of the displacement current, and has a projection onto the
parallel �to the magnetic field� direction given by

d

dt
j	 = �2E	 + O�E�, j�� , �5�

where j	 is the parallel current density, E	 is the parallel
electric field, and the perpendicular current and electric field
terms �j� ,E�� are much smaller than the parallel terms and
are dropped in this analysis. Formally, the bootstrap current
should be considered as a component of j	; however, near the
core the contribution of the bootstrap current may be ignor-
able on account of the small temperature and density gradi-
ents in this region. Ignoring the contributions of the boot-
strap current allows for the use of the constitutive relation
E	 =�	j	, where �	 =gneo�0 and gneo contains the neoclassical
corrections to the classical parallel resistivity, �0. In our
modeling we have used the neoclassical modifications from
Sauter et al.33 and initial conditions based on the previously
described Kadomtsev model. The evolution of the tempera-
ture profiles is prescribed, based on experimental ECE data,
a simplification over other models where the temperature
profiles were evolved in parallel with the current.

Though the neoclassical corrections near the core may
be small �gneo�1� they can have a dramatic effect on the
evolution of the q profile. The presence of the �2 operator in
the diffusion equation, acting on both the resistivity and the
current density, causes Eq. �5� to be very sensitive to changes
in profile shape. We have found that the neoclassical correc-
tions from Sauter et al. induce a strong peaking of current at
the magnetic axis, which can only be balanced by a strongly
peaked impurity profile which tends to expel current from
the core. Experimental measurement of high-Z impurities in-
dicate that impurities such as Mo+31 and Mo+32 can have a
nonzero derivative in the density profile at the magnetic
axis,34 suggesting that a peaked Zeff profile may be a reason-
able assumption for the model. Molybdenum can be a domi-
nant impurity in Alcator C-Mod, which uses Mo tiles on the
first wall, though at present we do not have Mo density pro-
file measurements for these experiments. However, the ro-
bustness of the high-Z impurity peaking argument as an ex-
planation for the generation of reversed shear with the
neoclassical model is questionable, particularly in light of the
observations of reversed shear during sawteeth in both
DIII-D �Ref. 7� and JET �Ref. 19� which have carbon first
walls. Two representative cases of the current modeling are
presented in Fig. 8, where case �a� is the classical resistivity
model with a flat impurity profile and case �b� is the neoclas-
sical resistivity model with a peaked impurity profile. The
impurity profiles used in this analysis are consistent with
estimates of Zeff from the loop voltage, though this does not
provide any spatial information. In both cases the q profile
evolves from the initial state to the final state with reversed
shear, in general agreement with the observations of the
RSAEs. These studies motivate the utility of core Zeff profile
measurements in conjunction with observation of q=1
RSAEs as a sensitive test of the neoclassical model near the
magnetic axis.

IV. DISCUSSION AND SUMMARY

Strongly core localized RSAEs, with both up-chirping
and down-chirping frequencies, have been observed in Alca-
tor C-Mod with ICRF hydrogen minority heating in a deute-
rium majority plasma. The spatial and temporal measure-
ments of the RSAEs provided by the PCI diagnostic provide
constraints on the q profile through a comparison with the
NOVA code. We find that qmin decreases to values in the range
of 0.92–0.97 prior to the sawtooth crash. Analysis with NOVA

has found q=1 RSAE solutions that agree with observations
of the down-chirping and up-chirping RSAEs, both of which
are calculated to be unstable in the presence of an ICRH
generated energetic ion tail. The down-chirping RSAEs
imply a peculiar q profile with a local maximum near
r /a=0.30 following the sawtooth crash, while the up-
chirping RSAEs imply a minimum in q located near
r /a=0.15 prior to the sawtooth crash. The presence of
RSAEs during the sawtooth cycle with ICRH, observed in
Alcator C-Mod and JET plasmas, suggests that this phenom-
enon may be quite general.
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FIG. 8. �Color online� Evolution of q profiles during a sawtooth cycle of 18
ms at equal time intervals of 3 ms. The initial conditions are provided by the
Kadomtsev model results similar to those presented in Fig. 7. The two cases
are �a� classical resistivity with flat Zeff profile and �b� neoclassical resistiv-
ity with peaked Zeff profile.
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These results have the potential to provide valuable con-
straints for models of the sawtooth cycle, which may ulti-
mately be developed to the point for use in predicting saw-
tooth behavior. At the present time, the analysis suffers from
a lack of simultaneous impurity profile measurements. How-
ever, the observations of RSAEs implying a reversed shear q
profile in the latter half of the sawtooth cycle can be used to
bound this problem. That is, simulation of the current diffu-
sion employing neoclassical resistivity requires a highly
peaked impurity profile. The sharpness of the impurity pro-
file near the magnetic axis may be decreased if there are
additional physics that tend to move the neoclassical effects
toward the classical limit. The presence of the down-chirping
modes immediately following the sawtooth crash implies
that q�1 and that a complete reconnection process has oc-
curred in our experiments, though the absence of a measure-
ment of q at the magnetic axis prevents us from determining
this with absolute certainty. Our studies of the application of
the Kadomtsev model to these equilibria show that a q pro-
file with a local maximum can be reproduced only when the
reconnection starts from a reversed shear q profile, and in
this regard is consistent with the observation of the RSAEs.
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