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Abstract
Experiments conducted in the Alcator C-Mod tokamak have explored the
physics of reversed shear Alfvén eigenmodes (RSAEs) during the current ramp.
The frequency evolution of the RSAEs during the current ramp provides a
constraint on the evolution of qmin, a result which is important in transport
modeling and for comparison with other diagnostics which directly measure
the magnetic field line structure. Additionally, a scaling of the RSAE minimum
frequency with the sound speed is used to derive bounds on the adiabatic index,
a measure of the plasma compressibility. This scaling places the adiabatic index
at 1.40 ± 0.15 and supports the kinetic calculation of separate electron and ion
compressibilities with an ion adiabatic index close to 7/4.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Magnetized plasmas covering many orders of magnitude in size, from earth-bound devices
such as the tokamak [1], to planetary aurora [2] and stellar systems [3] exhibit a type of
electromagnetic oscillation known as the shear Alfvén wave [4]. In tokamaks, shear Alfvén
waves can be destabilized by the radial gradient of the energetic ion pressure [1], which may
arise from ion-cyclotron resonance heating (ICRH) [5], neutral beam heating [6] or fusion-
born alphas [7]. Shear Alfvén waves have the potential to enhance the loss of energetic
ions through resonant transport [8, 9], an important consideration for future burning plasma
experiments. As a contribution to this larger field of transport studies, we comment here
on a particular class of shear Alfvén waves known as the reversed shear Alfvén eigenmode
(RSAE, also Alfvén cascade) and may be excited in tokamak plasmas during the current ramp
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[10–12] or during sawteeth [13, 14]. The RSAE is unique among the larger class of Alfvén
eigenmodes in that it is particularly sensitive to small changes in qmin, that is the minimum of
the function q(r) ≈ rBφ/R0Bθ . The inversion of the RSAE frequency spectra as a method
for inferring particular plasma properties, such as qmin, is known as ‘MHD spectroscopy’ [15]
and is the focus of this paper. We approach this problem through the comparison of local
measurements of RSAEs with a thermodynamic analysis of Alfvén waves, a kinetic treatment
of RSAEs and an established ideal MHD code which calculates the Alfvén wave structure and
frequency in toroidal geometry to derive measures of the adiabatic index (γ ) and the evolution
of qmin during the current ramp. A well-constrained account of the current diffusion process,
through the parameter q, provides a useful constraint for transport modeling or comparison
with direct measurements of the magnetic field structure, as from the motional Stark effect
(MSE) diagnostic. A measure of the plasma adiabatic index provides a simple way to compare
predictions from thermodynamic, MHD and kinetic models.

The dispersion relation of the ideal shear Alfvén wave is ωA = k‖vA, where k‖ = (�k · �B)/B

is the wavenumber parallel to the equilibrium magnetic field, vA = B/(µ0ρ)1/2 is the Alfvén
speed and ρ is the mass density. In toroidal geometry the magnetic field line curvature, arising
from a combination of the toroidal component which scales as 1/R and the poloidal component
due to the plasma current, allows very weakly damped Alfvén waves to exist as eigenmodes of
the system with discrete frequencies [16]. The magnetic safety factor (q) describes the winding
of the magnetic field lines and is an important parameter in the study of Alfvén eigenmodes
in toroidal geometry. A particular class of eigenmode, the RSAE, exists when the q profile
exhibits an off-axis minimum4. A minimum in q, hereafter qmin, exists transiently during the
initial current ramp phase of tokamak operation when the Ohmic current density has an off-axis
peak and diffuses toward the plasma core.

In axisymmetric devices such as the tokamak, the toroidal mode number (n)
unambiguously identifies a normal mode of oscillation on account of the absence of the
azimuthal coordinate in the equations of motion. In contrast, effects such as the 1/R variation
of the toroidal magnetic field and plasma shaping tend to couple poloidal mode numbers (m),
rendering a description in terms of an expansion in poloidal harmonics as an infinite set of
coupled equations. However, RSAEs are unique among the larger class of Alfvén eigenmodes
in that they are composed of a single dominant poloidal mode which permits a truncation of
the equations to the m and m ± 1 components, from which a simple dispersion relationship
may be derived [18–21]. RSAEs are characterized by a frequency which starts from a non-zero
minimum value and which rises as qmin decreases, reaching a maximum frequency near the
TAE (toroidicity-induced Alfvén eigenmode) frequency defined by ωTAE = vA/2qR0. When
the RSAE frequency is far from the TAE frequency, the dispersion relationship derived from
a WKB analysis is of the form [19, 20]

ω2
RSAE = ω2

min + ω2
A + (�ω)2, (1)

where ωA is a function of k‖ as defined previously and in toroidal geometry,

k‖ ≈ n

R0

(
m

nqmin
− 1

)
. (2)

The first term on the rhs of (1) is a function of the local sound speed, equal to 2γ (Te +Ti)/miR
2
0 ,

where Te and Ti are the electron and ion temperatures, mi is the ion mass and R0 is the tokamak
major radius. In Alcator C-Mod plasmas this term provides a non-zero minimum frequency of

4 A noted exception to this case may be found when q is slightly greater than unity, as may occur following a sawtooth
crash [13]. More fundamental than a minimum in q, the RSAEs require an extremum in the Alfvén continuum [17].
In the case of q � 1 the Alfvén continuum retains a local maximum only when q also has a local maximum.
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approximately 200 kHz. The second term describes the Alfvénic contribution which can vary
between 0 and about 500 kHz. The (�ω)2 term captures other effects as may arise from kinetic
contributions of the energetic ions [19] and represents a perturbation to the frequency. When the
Alfvénic term is small, (1) is dominated by the minimum frequency component which allows
the unknown parameter γ to be inferred when the frequency and temperatures are known. The
Alfvénic term grows as k‖ increases due to a change in qmin. The quadratic nature of (1) means
that when the Alfvénic term is only about 1.5 times the minimum frequency term, the RSAE
frequency will grow nearly linearly with k‖. This implies that the rate of frequency rise for a
given n is approximately proportional to n, which allows the observed spectrum of modes to
be uniquely determined even in the absence of direct mode measurement by magnetic pick-up
coils. In this paper we present a comparison of spectral measurements of Alfvén waves to
theoretical models as a means of inferring qmin and γ . Section 2 presents the experiments
and methods by which the RSAEs are studied. Section 3 establishes an experimental basis
for the evolution of qmin during the current ramp, an important result for transport modeling.
The physics of the minimum frequency of the RSAEs, with special attention to the role of
the adiabatic index, is investigated in section 4. The paper closes with concluding remarks
in section 5.

2. Experimental conditions and diagnostics

The Alcator C-Mod tokamak is a high-field (Bφ < 8 T), compact tokamak (R0 = 0.68 m,
a = 0.22 m, κ � 1.85), which employs minority ICRH as the main auxiliary heating
mechanism. An overview of several important experimental parameters for a representative
shot is presented in figure 1. The plasma remained in L-mode during the current ramp
phase of these experiments, in a configuration which was limited by the inner wall. For
all experiments reported in this paper, the axis magnetic field was set between 5.2 and 5.5 T.
The plasmas used a d(h) (deuterium majority, hydrogen minority) mixture with nh/nd ≈ 0.05.
The dominant impurity species tends to be high Z, most likely Mo+32 resulting from the all
metallic (molybdenum) first wall in Alcator C-Mod [22, 23]. Electron density and temperature
profiles are derived from the electron-cyclotron-emission (ECE) and Thomson scattering
diagnostics, respectively. Typical electron densities at the magnetic axis are in the range
(1.2–1.6) × 1020 m−3. The injected ICRH power was varied over 2–5 MW across the set
of experiments, resulting in electron temperatures in the 3–6 keV range. Typical hydrogen
ion energies are 100 keV and may have a slightly hollow profile, but is expected to have a
decreasing gradient in the region of r/a = 0.3 near the peak of the RSAEs [24]. We expect
τ = Ti/Te to be less than one in these plasmas, as the energetic protons generated by the ICRH
first slow down on electrons which then thermalize with the deuterium majority.

Unlike the electron temperature which is directly measured by the ECE diagnostic, the
ion temperature in Alcator C-Mod can only be inferred through a spatially averaged measure
of the dd neutron rate. We pause here to briefly discuss the uncertainties in this value and
its impact on the inference of γ , the subject of section 4. The neutron emission rate from dd
fusion is proportional to n2

i T
−2/3

i exp(−20.1/T
1/3

i ) [25], where Ti is in keV, averaged over the
profile. The exponential dependence of this function results in an approximate T 4

i dependence
in the temperature range of interest. Inverting this relation to solve for the ion temperature in
terms of the neutron rate, we find an approximate n

−1/2
i dependence. With a Zeff of 4, typical

of the current ramp phase, we must consider how the impurities modify the deuterium density
relative to the electron density (which is a measured quantity). Assuming a single, high Z

impurity species is present, it is straightforward to show that ni/ne ≈ 1−(Zeff −1)/ZI. Taking

3
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Figure 1. Overview of plasma parameters corresponding to the experiment examined in figure 3.
(Color online.)

ZI ∼ 32 and Zeff ∼ 4 gives ni/ne ∼ 0.9, resulting in an increase in the ion temperature by a
factor of approximately 1.05. Conversely, the largeness of ZI means that the impurity density
normalized to the electron density is of order 10−3. The ratio of the actual mass density (ρ)
to nemi is approximately 1 + (5 − Zeff)/2ZI when we consider a deuterium majority and a
molybdenum impurity. Again usingZeff ∼ 4 gives a normalized mass density of approximately
0.98. Given that the thermal speed scales like v̄th ≈ 2(Te + Ti)

1/2/ρ, the impurity’s tendency
to increase the measured Ti and decrease the mass density results in a net increase in the
thermal speed of about 5% over the impurity-free case when we take Ti/Te ∼ 0.75. Without
further measurements of the impurity density profile it is impossible to provide a more accurate
measure of the ion temperature and density. We therefore conclude that even in the presence
of a substantial Zeff we may with reasonable accuracy neglect the impurity species and cite a
potential 5% increase in the effective thermal speed. The conclusion regarding the inference
of γ from the RSAE frequency measurements is that the value derived assuming no impurities
is an upper bound, as follows from the relation ωmin ∼ γ 1/2v̄th/R0.

A central feature of the experiments examined here is the diffusion of the ohmic current
from the plasma periphery toward the core. This process occurs on a resistive timescale
τη = µ0L

2/η, where η is the plasma resistivity which scales as T
−3/2

e [26]. The resistive
diffusion time for Alcator C-Mod, taking Te ∼ 2 keV as representative of the early part of the
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current ramp and using L ∼ a/2 gives τ ∼ 200 ms. Observations of sawteeth oscillations (a
periodic internal reconnection event occurring near the q = 1 surface) are in good agreement
with this scaling, with a typical onset time of about 250 ms. In the experiments reported here,
ICRH is injected during the current ramp phase to generate the energetic ions which destabilize
the RSAEs and also to increase the temperature as a means of retarding the current penetration.

The phase contrast imaging (PCI) system on Alcator C-Mod [11, 27] is the primary
diagnostic used in these experiments. The PCI diagnostic is sensitive to perturbations in
the electron density (relative to the background), which, for example, may be induced by shear
Alfvén waves. The Alcator C-Mod PCI system uses a 80 W CO2 laser, which passes vertically
through plasma, allowing for detection of perturbations from all flux surfaces. The phase plate,
the central optical component of the diagnostic, applies a high pass filter to the wavenumber
spectrum with a shoulder of approximately 0.5 cm−1. An image is formed at a 32 element
photoconductive HgCdTe detector, allowing for radial resolution of about 3 mm. The image
intensity is proportional to the line integral of the electron density perturbations along the
beam path, that is, IPCI ∝ ∫

ñe dz, where ñe is the perturbed component of the electron density.
This means that the two-dimensional perturbation structure of the mode is compressed into a
one-dimensional image. While some information is lost through this process, the output signal
captures the line integral of the complex-valued (phase dependent) perturbations and provides
a high degree of structure which can be used to compare with code predictions. Measurements
of the structure and frequency of the AEs are supported by measurements with the Mirnov coil
array, composed of two groups of coils at ±10 cm from the midplane (figure 2). Measurements
of the toroidal phase of the RSAEs by the Mirnov coils supports the identification of mode
numbers derived from PCI analysis of the collective spectral features of the RSAEs [13].

3. RSAEs during the current ramp

As noted in the previous section, the timescale for current diffusion during the current ramp is
of order 200 ms. At the time of plasma formation a negligible current density exists in the core
and q0, that is q at the magnetic axis, is effectively infinite, with the plasma current localized
nearer to the edge. However, the cooler temperatures of the early plasma cause a very rapid
penetration of current. An earlier study of RSAEs in Alcator C-Mod found larger values of
qmin [28] compared with what we report here. While differences in the startup and heating
schemes may produce some difference in the current penetration, the results reported here are
representative of the majority of experiments where RSAEs are present. Additionally, [28]
used the MISHKA code which at the time did not properly account for the offset in the
minimum frequency which may have introduced a significant offset in the analysis. A similar
but more complete study is reported here using NOVA, which includes coupling to acoustic
modes which provides a minimum frequency offset, yielding a more stringent constraint on
the evolution of qmin during the current ramp. The finding of q ∼ 2 during the current ramp
provides a timescale for the diffusion of current in agreement with the appearance of sawteeth,
a factor not considered in the earlier work.

In these experiments, ICRH was injected into the plasma starting at about 80 ms; coupling
prior to this time is poor and much of the energy would be reflected. It follows that the
period in which RSAEs may be excited by the ICRH-generated energetic ions extends from
about 80 ms to about 200 ms when the reversed magnetic shear vanishes, though in practice
the active period is reduced at the earlier times by inefficient heating of the cool hydrogen
minority. In the intermediate phase we expect q to cross the integer value 2, at which point
a so-called ‘grand cascade’ develops, a spectral structure characterized by multiple RSAEs
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Figure 2. Cross section of the Alcator C-Mod tokamak showing the position of the PCI beam path
and the poloidal location of the two sets of Mirnov coils. (Color online.)

originating from the same minimum frequency and chirping in frequency proportional to their
individual toroidal mode numbers [10]. A grand cascade provides an excellent benchmark for
matching of calculated spectra to observed spectra and is clearly visible in the PCI spectrogram
of figure 3(a) starting around 130 ms.

Numerical MHD analysis of these experiments was conducted with the ideal MHD code
NOVA [29] which employs a non-variational approach to solutions using iteration of the
eigenvalue (frequency). NOVA accepts arbitrary density, temperature and q profiles and
includes the geometric effects of toroidicity and triangularity. A range of ideal MHD modes
including RSAEs, TAEs and EAEs (ellipticity-induced Alfvén eigenmodes), among others,
may be studied with NOVA. While it does not perform time-dependent simulations, NOVA
can model the evolution of the plasma equilibrium under the quasi-static approximation. This
technique is applied in the subsequent analysis to derive the time evolution of qmin during
the current ramp phase, which requires simply that the RSAE period be much smaller than
the resistive diffusion time, a condition well satisfied since the diffusion time is of order
10−1 s while the RSAE period is of order 10−5 s. It should be noted that NOVA calculates
the eigenmodes from a linearized analysis of the MHD equations, and therefore, is incapable
of predicting saturated amplitudes. For this reason, the comparisons between experiment and
theory reported here consider only the frequency and spatial structure of the fluctuations.

The q profile given to NOVA is described by a 6th order polynomial which is matched to
the edge q profile calculated by EFIT [30]. Three free parameters in the fitted q profile are q0,
qmin and rmin, the radial position of the minimum. While these values are initially unknown, it
has been shown that comparison of the PCI data with a synthetic PCI analysis based on NOVA
calculations is sufficient to constrain qmin and rmin and is relatively insensitive to q0 [13].
RSAE spectra calculated from over 600 NOVA runs using a q profile which decreases in time
are presented in figure 3(b). During the period of RSAE activity the q profile decreases at
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Figure 3. (a) Composite spectrogram averaged over all 32 channels of the PCI diagnostic. RSAEs
are present during the time range 100–180 ms, with a grand cascade occurring at approximately
130 ms which identifies the entrance of the q = 2 surface to the plasma. (b) RSAE spectra calculated
by NOVA (color) as the q profile is decreased are compared with experimental PCI measurements
(gray), allowing the evolution of qmin to be determined. (Color online.)

a nearly constant rate, illustrated in figure 5. Termination of the RSAEs at about 180 ms
implies a loss of a reversed shear profile, as the ICRH power coupled to the plasma is steady
over this time. The development of the sawtooth oscillation starting around 240 ms implies
that qmin is near to unity at that time [13]. The extrapolation of qmin determined by RSAE
spectroscopy to that constrained by sawteeth lies between a form described by ∂tq = constant
and ∂t ln q = constant. The former describes the evolution of a current which is forced by the
external control system, and the latter a case where the current diffuses under the constraint
that the total current remains constant. The fact that the evolution lies somewhere between
these curves is expected on the grounds that the current ramp ends at about 200 ms, at which
time the evolution transitions from driven to free diffusion. Unlike numerical transport models
that calculate the current profile evolution, inferences of qmin(t) from MHD spectroscopy has
negligible dependence on the plasma impurity content and is a more robust method.

An additional constraint on NOVA calculations is found in the spatial structure of the
RSAEs. The diagnostic compression of the two-dimensional structure to a one-dimensional
image in the experimental PCI measurements represents a loss of data. To compare the NOVA
model results with the measurements, a synthetic diagnostic approach is used, whereby the
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Figure 4. (a) The two-dimensional density perturbation calculated by NOVA for the n = 3 mode
near 140 ms identified in figure 3. The shaded area indicates the PCI viewing region. (b) The
synthetic PCI data are compared with the experimental data, showing overall good agreement
between the structures. The nodes in the structure arise from cancelation of positive and negative
density perturbations. (Color online.)

density perturbation is integrated and spatially filtered according to the diagnostic response
[13, 31]. A best-fit solution for an n = 3 mode is presented in figure 4, where the radial position
of qmin was found to be rmin/a ≈ 0.30 ± 0.05. The nodes in the radial structure arise due
to cancelation of signal from summation over positive and negative density perturbations and
are particularly sensitive to variations in rmin. At this time, we have been unable to identify a
robust experimental constraint for the value of q0 and this parameter remains largely unknown
through these methods, which also means that this parameter does not significantly affect the
analysis of the other two free parameters, qmin and rmin.

This analysis offers an account of the evolution of q during a current ramp representative
of startup in Alcator C-Mod with early ICRH. These results may find application in modeling
transport during the current ramp or in validating future diagnostics which provide a more
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Figure 5. MHD spectroscopy of the RSAEs (100–180 ms) and the presence of sawteeth (240+ ms)
provide limits for the evolution of qmin during the current ramp. Extrapolation of the inferred
qmin trajectory to the time of sawteeth is seen to lie between the curves dt q = constant and
dt ln q = constant. (Color online.)

direct measure of the magnetic structure. Although NOVA successfully produces solutions
which described the evolution of the RSAEs in the Alfvénic regime (the linear chirp regime), it
struggles to find proper solutions when the frequency is near the minimum frequency. Special
care must be taken to analyze this regime, the focus of the next section.

4. RSAE minimum frequency

Theoretical analysis of RSAEs has shown that the finite minimum frequency is due to a
deformation of the Alfvén continuum by coupling to geodesic acoustic waves [19, 20, 32, 33].
In the absence of this coupling the Alfvén continuum would vanish when q = m/n giving
ωmin = 0, whereas with coupling the continuum is lifted to a minimum frequency which to
first order is proportional to the local sound speed. In the MHD model employed in NOVA the
sound speed takes the form (γp/ρ)1/2, where γ is the adiabatic index of the plasma, p is the
total thermal pressure and ρ = nemi is the mass density. Thus, simultaneous measurement of
the RSAE minimum frequency with Te and Ti provides a means by which the adiabatic index
can be inferred. Finite pressure effects enter the linearized perturbation equations in NOVA
through an equation of state of the form Dt(p/ργ ) = 0. An adiabatic index of 5/3 may be
used when the plasma can be treated as an ideal gas, a condition valid when the magnetic
perturbations are sufficiently weak that they do not contribute to the force and energy balance,
but is not a situation generally applicable to a strongly magnetized plasma. While ideal MHD
theory allows for an arbitrary value of γ , additional information is needed to predict what
value should be used. We present here an argument that, at least when considering Alfvén
eigenmodes, a significantly lower value of γ should be used to properly model compressional
effects.

In a single fluid model, the adiabatic index can be related to the thermodynamic relation
between the pressure and internal energy of gas. The work of McKee and Zweibel [34]
provides a compelling argument that γ should be close to the value 3/2 for shear Alfvén
waves. In the ideal limit, shear Alfvén waves scan be represented as a coupling of fluid and

9
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which distorts the eigenmodes, it can produce viable solutions in the neighborhood of fmin. Using
an analytic approximation (colored lines) the NOVA frequencies (circles) are extrapolated to a
common minimum frequency, which agrees well with the experimental measurements of the
minimum frequency (shaded region). (Color online.)

magnetic perturbations of the form v1 = vAB1/B0, where a subscript ‘1’ refers to a first order
perturbation. While the total energy of the shear Alfvén wave increases due to the magnetic
contributions, the pressure, on the other hand, decreases due to the restoring force supplied by
the magnetic fields. Hence, the definition of γ through the thermodynamic relation between
pressure and energy, p = (γ − 1)U , dictates that γ = 3/2 when the equations of motion are
substituted. The Alfvén eigenmodes realized in experiment are not true shear Alfvén waves as
they necessarily contain a compressional component, an effect which can be quite important
for proper interpretation of the measured mode structures [35].

While NOVA produces viable RSAE solutions in the Alfvénic regime, their structure
when ωRSAE is close to ωmin is not well resolved. Inclusion of higher order terms (finite
Larmor radius corrections), not present in the NOVA model, resolves this ambiguity [36].
However, a minimum frequency can yet be derived from the NOVA analysis by using an
analytic dispersion relation which is a good approximation to the general form of the solutions,
in conjunction with the good solutions from NOVA which are found slightly away from the
minimum. The dispersion relation given in (1) provides two important features which are used
to determine NOVA’s minimum frequency: the quadratic form with respect to the parameter
δq = m/n− qmin and the divergence of the separate RSAE spectral lines as δq increases from
zero. This model allows extrapolation of the frequencies calculated by NOVA to the common
minimum frequency, as illustrated in figure 6. Motivated by the work of Breizman et al [19],
where finite pressure effects were included, we have explored the dependence of the NOVA
model on profile gradients. To isolate the gradient dependence from the magnitude dependence,
the temperature and density were held fixed at a radius of r/a = 0.3 (the same radial position
as qmin) while the gradients were scanned by changing the profile shape. Figure 7 presents
the summary of the profile scan, showing that the temperature and its gradient determine the
minimum frequency and that the density does not play a role, as was expected from theory.
While ideal MHD does not explicitly involve the temperature in any of its equations, the ratio
of the pressure to the density does enter and provides an effective mean temperature by which

10
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Figure 7. Parameter scans in NOVA show that the minimum RSAE frequency has (a) a strong
temperature dependence and weaker temperature gradient dependence and (b) no significant
dependence on density and density gradient. The gradient scans were performed with the value of
the profile held constant at the peak of the eigenmode. For the experimental data shown in figure 6
the electron temperature near qmin is about 2.3 keV, in good agreement with an interpolation of the
scaling studies shown here. (Color online.)

the described minimum frequency dependence arises. These studies allowed an empirical
dispersion relation for the RSAE minimum frequency in terms of the temperature and its
gradient to be derived, given here as

ωNOVA = 100T 1/2
e

√
γ + 0.15

r

LT

, (3)

where Te is in keV, r is the radius of the peak of the RSAE and L−1
T = −d ln(Te)/dr is the

temperature gradient scale length. We may compare this empirical relation with the collection
of experimental data of minimum frequency measurements and minimize the difference to
derive a best fit γ . This analysis is illustrated in figure 8, and indicates that γ = 1.40 ± 0.15.
The vertical error bars on the data points represent the uncertainty in the resolution of the
minimum frequency determined by experiment, while the limits of γ at 1.25 and 1.55 arise
from uncertainty in the temperature profiles and enter through the empirical dispersion relation
of (3). The exclusion of γ = 5/3, the ideal gas value of the adiabatic index, indicates that
additional physics beyond that of free particles is present in the energy and pressure balance
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Figure 8. The collection of minimum frequency data is compared with the empirical NOVA scaling
of the minimum frequency to derive γ . This analysis finds a best fit γ of 1.40 ± 0.15, with the
error bars resulting from the uncertainties in the experimental temperature profiles.

of these waves, a result which is not surprising given that these waves necessarily involve a
perturbation of the magnetic field.

In the plasmas of interest the electron thermal velocity may be twice the parallel phase
velocity of the RSAEs. The largeness of the electron thermal velocity implies that the adiabatic
index of the electrons is equal to 1 in a two-fluid analysis whereas the ions are described by
an adiabatic index of γi, calculated to have the value 7/4 [33, 37]. We have compared the
minimum frequency data from the RSAEs with the kinetic treatment of RSAEs by Breizman
et al [19] which provides the following form for the minimum frequency,

ω2
min ≈ 2Te

miR
2
0

(1 + γiτ), (4)

where γi is given as 7/4. As this form does not include any free parameters, we make a
comparison with this general form letting the ion adiabatic index (γi) be a free parameter and
adjust this value until a best fit to the RSAE minimum frequency data is found. This study is
summarized in figure 9, showing a best-fit value of γi ≈ 1.8, a value very close to the predicted
7/4. We may relate the kinetic treatment to the former MHD treatment through an effective
adiabatic (γeff ) which captures the electron and ion response by equating the sound speeds,

γeff = 1 + γiτ

1 + τ
. (5)

We note that γeff is only a function of the ion to electron temperature ratio (τ ) and ranges from
1.33 to 1.4 over the range τ = 0.70 to 1.0 for γi = 1.8, in reasonable agreement with the values
derived by the MHD analysis. It should be noted that this form is not a precise definition, as
the γ derived from the MHD analysis included effects of temperature gradients which are
not represented here. We conclude from this analysis that the three models considered here
(thermodynamic, MHD, kinetic) are all roughly in agreement when the energy and pressure
of the Alfvén waves are accounted for.
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Figure 9. The collection of minimum frequency data is compared with 4. The analysis finds a best-
fit value of the ion adiabatic index (γi) of approximately 1.8, a result very close to the theoretical
prediction of 7/4.

5. Summary and conclusions

Two primary results are reported in this paper. The first is that comparison of the RSAE
frequency spectra observed during the current ramp phase of Alcator C-Mod experiments to
numerical results from the ideal MHD code NOVA provide a method by which the evolution
of the q profile may be constrained. In the absence of other diagnostics which provide direct
measurements of the magnetic field structure, these observations represent the only constraints
on the central q profile which are independent of a current diffusion model. In addition to the
evolution of qmin, comparison of the one-dimensional spatial structure measured by the PCI
diagnostic to a synthetic PCI analysis of NOVA data shows that the radial position of qmin may
also be determined. Current diffusion calculations from TRANSP may be compared against
these measurements to determine what particular models are best suited for the current ramp
phase. A measurement on the current profile evolution is an important constraint for use with
transport codes which calculate the Ohmic heating profiles.

In addition to the MHD spectroscopic results of the Alfvénic regime, analysis of the
minimum frequency scaling with Te is a method by which the plasma adiabatic index can
be inferred. While the MHD model may be criticized for using a simplified equation of
state, the ubiquity of MHD codes and their proven utility motivates a desire to constrain the
remaining free parameters in the model. Little attention has been paid to the adiabatic index,
a parameter which is difficult to measure but which has important consequences for the MHD
spectroscopy [35] and possibly mode stability. Comparison of a set of minimum frequency
measurements of RSAE spectra by the PCI diagnostic reveals a best-fit γ in the neighborhood
of 1.40 ± 0.15, close to the ideal limit of 3/2 predicted theoretically from thermodynamic
arguments [34]. The adiabatic index derived by this method is representative of magnetic
and fluid perturbations particular to shear Alfvén waves, and it should be cautioned that other
plasma waves may express an adiabatic response different from that determined here. A
comparison of the same minimum frequency data to a kinetic analysis of RSAEs [19] finds
good agreement with the theoretically derived ion adiabatic index value of 7/4. As a final note
we would like to mention possible extensions of this work to account for additional kinetic
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effects of energetic ions. The theoretical treatment of the energetic ion influence on the RSAE
dispersion relation by Breizman et al [19] has shown that a negative radial gradient in the
energetic ion pressure profile produces a small increase in the RSAE frequency, such that the
results derived from a purely MHD analysis must be compensated for using a value of γ which
is increased over that of the ‘actual’ value. Thus, it may be that some of the residuals in the
data are due to an unaccounted for effect of the energetic ions. Future experiments dedicated
to the study of RSAEs may be able to provide even tighter constraints on this value with
direct measurements of the energetic ion pressure profile. Given the tendency of the energetic
ions and the impurities to effectively reduce γ below that derived in their absence it seems
reasonable to speculate that the range of γ reported here represents an upper bound.
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